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ABSTRACT:

In this work, we present a new formulation of a 3D beam element, with a new method to describe the
transversal deformation of the beam cross section and its warping. With this new method we use an
enriched kinematics, allowing us to overcome the classical assumptions in beam theory, which states
that the plane section remains plane after deformation and the cross section is infinitely rigid in its
own plane. The transversal deformation modes are determined by decomposing the cross section into
1D elements for thin walled profiles and triangular elements for arbitrary sections, and assembling its
rigidity matrix from which we extracts the Eigen-pairs. For each transversal deformation mode, we
determine the corresponding warping modes by using an iterative equilibrium scheme. The
additional degree of freedom in the enriched kinematics will give rise to new equilibrium equations,
these have the same form as for a gyroscopic system in an unstable state, these equations will be
solved exactly, leading to the formulation of a mesh free element. The results obtained from this new

beam finite element are compared with the ones obtained with a shell model of the beam.
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1. INTRODUCTION:

The classical beam theories are all based on some hypothesis that are sufficient in most cases for
structure analysis, but fail in more complex cases to give accurate results and can lead to non-
negligible errors. For Timoshenko beam theory, widely used by structural engineers, two assumptions
are made, the cross section remains plane after deformation and every section is infinitely rigid in its

own plane, this means that the effects of warping shear lag and transversal deformation are neglected,



these phenomenon are important in bridge study, especially when dealing with bridge with small

width/span ratio, and with thin walled cross section.

The problem of introducing the warping effect into beam theory has been widely treated. The
most classical approach is to introduce extra generalized coordinates, associated with the warping
functions calculated from the Saint-Venant solution, which is exact for the uniform warping of a beam,
but gives poor results in the inverse case, especially near the perturbation where the warping is
restrained. Bauchau[1], proposes an approach that consists in improving the Saint-Venant solution,
that considers only the warping modes for a uniform warping, by adding new eigenwarping modes,
derived from the principle of minimum potential energy. Sapountzakis and Mokos|[2,3] calculate a
secondary shear stress, due to a non-uniform torsion warping, this can be considered as the derivation
of the second torsion warping mode in the work of Ferradi et al[4], where a more general formulation
is given, based on a kinematics with multiple warping eigenmodes, obtained by considering an
iterative equilibrium scheme, where at each iteration, equilibrating the residual warping normal
stress will lead to the determination of the next mode, this method has given very accurate results,

even in the vicinity of a fixed end where the condition of no warping is imposed.

The aim of this paper is to propose a new formulation, which not only takes into account the
warping of the cross section, but also its transversal deformation, an element of this type falls in the
category of GBT(generalized beam theory), which is essentially used to study elastic buckling of thin
walled beam and cold formed steel members [5], this is done by enriching the beam’s kinematics with
transversal deformation modes, and then determining the contribution of every modes to the
vibration of the beam. Free software GBTUL [6] is available to perform this analysis, developed by a
research group at the Technical University of Lisbon. In the formulation developed by Ferradi et al[7],
a series of warping functions are determined, associated to the three rigid body motions of horizontal
and vertical displacements and torsion, which can be considered as the three first transversal
deformation modes. The idea is to go beyond these three first modes, and determine a series of new
transversal deformation modes, calculated for an arbitrary cross section, by modeling this section with

triangular or/and 1D element, assembling its rigidity matrix and extracting the eigenvalues and the



corresponding eigenvectors, for a desired number of modes. Then, for each determined mode, we will
derive a series of warping functions, noting that we will need at least one to represent exactly the case
of uniform warping in the beam. With all these additional transversal and warping modes, we will
obtain an enhanced kinematics, capable of describing accurately, arbitrary displacement and stress
distribution in the beam. Using the principal of virtual work we will derive the new equilibrium
equations, which appear to have the same form as the dynamical equations of a gyroscopic system in
an unstable state. Unlike classical finite element formulation, where interpolation functions are used
for the generalized coordinates, we will perform for this formulation, as in [4], an exact solution for
the arising differential equations system, leading to the formulation of a completely mesh free

element.

The results obtained from the beam element will be compared to those obtained from a shell
(MITC-4) and a brick (SOLID186 in Ansys™) model of the beam. Different examples are presented to

illustrate the efficiency and the accuracy of this formulation.
2. DETERMINATION OF TRANSVERSAL DEFORMATION MODES:

For an arbitrary beam cross section, composed of multiple contours and thin walled profiles, to
calculate the transversal deformation mode, we use a mesh with triangular elements for the 2D
domain delimited by some contours and beam element for the thin walled profiles. As for a classical
structure with beam and shell elements, we assemble the rigidity matrix K; for the section, by
associating to each triangular and beam element a rigidity matrix (see appendix A1) calculated for a
given thickness. We calculate the eigenvalues and their associated eigenvectors of the assembled
rigidity matrix of the section, by solving the standard eigenvalue problem (SEP):

Kowv =W 1) a
We note that for all that will follow, if it's written in bold, a lowercase letter means a vector and an

uppercase letter means a matrix.

The strain energy associated to a transversal mode represented by its Eigen-pair (4, v) will be given by:

1 1 1
_ T — Toy — 1) b
U—2v st—z/lvv ZA (1)



Thus, the modes with the lowest eigenvalues mobilize less energy and then have more chances to
occur. From the resolution of the SEP, we obtain a set of vectors that we note ' = (1/)3‘, , wé), where
i, and 1} are the vertical and horizontal displacement, respectively, for the ith transversal
deformation mode. We note that the three first modes with a zero eigenvalue, corresponds to the

classical modes of a rigid body motion:

1”1:(110) ’ 1”2:(0:1) ’ ¢3=(_(Z_ZO)!y_y0) (2)

Where (y,, z,) are the coordinates of the torsion center of the section.

Figure 1: examples of transversal deformation modes for a thin walled profile I-section with 1D elements.

Fiqure 2: examples of transversal deformation modes for a rectangular section with triangular elements.

In our formulation, the only conditions that needs to be satisfied by the family of transversal
modes functions, is that they form a free family, not necessarily orthogonal. Thus, an important
feature of our formulation is that any free family can be used to enrich our kinematics, the resolution
of the differential equation system, performed later, being completely independent from the choice of

the transversal and warping modes functions. In our case, the condition of free family is satisfied by



construction, from the solution of the SEP by the well-known Arnoldi iteration algorithm,

implemented in ARPACK routines.

In [5] the same method is used to determine the transversal mode for a thin walled profile, with
the difference that they use a 3D Timoshenko beam for their section discretization, thus from the
resolution of the SEP they derive the transversal modes and also their corresponding warping mode.
We use here a different approach for the determination of the 1st warping mode for each transversal
mode, based on the equilibrium of the beam element in the case of uniform warping; the higher order

warping modes will be derived by using an iterative equilibrium scheme.

3. DETERMINATION OF WARPING FUNCTIONS MODES FOR A GIVEN TRANSVERSAL MODE:

3.1. THE 15T WARPING MODE DETERMINATION:

We consider the kinematics of a beam element free to warp, where we include only one transversal

deformation mode. We then write the displacement vector d of an arbitrary point P of the section:

Up Up
-6
Wp (lpz

u, Represents the longitudinal displacement due to the warping induced by the transversal mode and
Y = (¥, , P,) the displacement vector of the transversal deformation mode at the point P.
From the condition of uniform warping in every section (all the beam’s cross section will deform in

the same manner), we can write:

ou,
—_——— 4
sxx ax 0 ( )
This relation expresses the fact that uniform warping doesn’t induce any change in the length of all

the beam’s fibers.

From the displacement vector, we deduce the strain field:

6up alpy
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And the stress field:

. 0
O = A8 div ayy=<2yﬂ+,1div¢>(
ou d¢ oy
Oxy = U (_P + l/) _> al/J
Y ay Y dx Oyp = (2;16—22 + Adiv 1[)) { (6)
duy, dq
Oxz Z#(_+lpz_> _ % Y,
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Where 1 = —2% _and U= —£__ are the Lamé coefficients, E the elasticity modulus and v the
(1+v)(1-2v) 2(1+v)
Poisson coefficient, and div is the divergence operator: div i = % + %
We note the stress vector: T = (ny , Oz ), that will be expressed by :
d¢
T=p (Vup + atp) (7)
Where V = (;—y , %) is the gradient operator.
We write the equilibrium equation of the beam:
a xx
2 4 divT =0 ®)
Ox
dq¢ dq
Aduﬂ/}dx+u(Aup+dxdw1/)> 0 )
i dq
= — — [ —_ 10
Au,, (1 + ,u) divy Ix (10)

Where A = a—2+ 9
oy

o, is the Laplace operator.

From the last equation, we can see that the displacement u,, can be written in the following form

u, = —0 % where Q is the warping function, verifying the relation :
dx

A
AQ=(1+;)Mv¢ (11)
The normal component of the stress vector T has to be null on the border of the cross section, this

condition is expressed by:



,u%(—VQ+1/J)-n=O (13)

00
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Y-n (14)
Where n is the normal vector to the border of the section and Z—: =VQ-'n

We resume here the equations of the partial derivatives problem, leading to the determination of the

warping function Q:
—=9Y'n onT (15)

Where S is the cross section area.

The last relation was added to derive Q uniquely. This relation corresponds to the condition that
warping doesn’t induce any uniform displacement.

The resolution of this problem can be performed by using one of the many numerical methods
available, such as finite element method (FEM), finite difference method (FDM) or boundary element
method (BEM), see [4] for more details.

If we consider the rigid body motion of the beam section, corresponding to the displacements v
and w in the two directions of the principle axes and the rotation around the normal axis to the section
0., we will obtain the flexural modes and the Vlassov torsion warping [6], by solving the problem
above, this shows the analogy between rigid body motion modes and the other transversal
deformation modes.

Details about the derivation of the 15t warping mode, for a thin walled profile section, are given in

appendix Al.

3.2. DETERMINATION OF HIGHER MODES WARPING FUNCTIONS:

In the case of non-uniform warping, the condition of ¢,, = 0 is no longer verified, thus we can’t state
that the longitudinal displacement is of the form u,, = —Q Z—i , but instead we make the assumption

that u,, can be written in the following form :



upzn(szn(e—j—i) (16)

Where 6 is the new rate function of the corresponding warping mode.

Thus the new normal stress is:

. s
Uxx—/lf:iivlp"‘zﬂﬂa (17)
0-2

The warping function Q) has been calculated in such a way that the normal stress o is equilibrated
and the condition 7 - n = 0 verified, thus in the case of a non-uniform warping the total normal stress
will not be equilibrated due to the presence of the residual normal stress 2. Restoring equilibrium
leads to the determination of a secondary shear stress associated to a 2"d warping mode. This
reasoning can be considered as the first step of an iterative equilibrium scheme, converging to the

exact shape of the warping due to the considered transversal deformation mode.

We assume that we have determined the nt" warping mode, and we wish to determine the
n+1t% warping mode. The nt" warping normal stress ¢™ will be then equilibrated by the n+1th

warping shear stress:

n

e +divt*'tt =0 (18)

Where: o™ =2uQ, % , TV = pE VO
Thus :

dZ
2p Qy Win + USn+1 AQpyq =0 (19)
The functions Q,,, and Q, depends only of the geometry of the cross section, whereas ¢,,, and

&, depends of the abscissa x, so it implies that there exists necessarily two constants a,,;; and

d*én
dx? *

Brn+1, related to the equilibrium of the beam, verifying: AQ, .1 = ap41Qy &1 = Bt

Our goal is to construct a base of warping functions, where any section warping can be
decomposed linearly with the aid of the generalized coordinates &; that can be seen as a participation
rate for the corresponding warping mode. In practice we need only to determine the warping

functions to a multiplicative constant, and the participation rate for each mode will be obtained by

writing the equilibrium of the beam. Thus, at the cross section level, only the problem AQ,,,; = Q, has

8



to be solved. For this problem, we need to define the Neumann and Dirichlet conditions to solve the

problem uniquely. The Neumann condition, which specify the value of the derivative of Q,,,; on the

border of the section, will have the same form of the 1st warping function ( aa% =1 n), in practice we

can use the condition % = 0 to solve the problem, and the uniqueness will be assured by the
orthogonalization with the lower modes, to this aim the modified Gram-Schmidt orthogonalization

process can be used. For the Dirichlet condition, we impose (1., = 0 at an arbitrary point to solve the

problem, and the condition |, s Qy41dS = 0 will assure the uniqueness.

4. EQUILIBRIUM EQUATIONS AND THE STIFFNESS MATRIX:

4.1. KINEMATIC, STRAIN AND STRESS FIELDS :

In this part we will consider general beam kinematics, with n transversal deformation modes and m
warping modes, we note that in this section the transversal deformation and warping modes can be
completely independent and can be chosen arbitrarily on the unique condition that the family of

warping functions and the family of transversal functions should be free. We write the enriched

kinematics:
m
=1
up n
dp = {UP} = 3 Zw;zf (20)
Wp i=1
n
R4

We note that the first transversal deformation modes will correspond to the rigid body motion, and
the first warping modes will correspond to the beam flexion in the direction of the two principal axes.

The strain field obtained from this kinematics will be expressed by:

du d _ oYy
AR =y ¢
- agt oL
ngy = a—yjfj + lpjl/a €2z = %(t (21)
GIo¥ ,dqt _(oyy, oYL
ngz_gfj'Flpza 28}’2_ 0z + ay (



We have used above and in all that will follow, the Einstein summation convention, to simplify as
much as possible the equations expressions.

To determine the stress field from the strain field, we have to make use of the constitutive relation:

Oox [2/,1 + A A A ] ( Exx \
Tyy 2u+ A A 0 l Eyy l
(o) 2u+ 2 | €2z
g = Oxy | 2¢ =Te (22)
H xy
Oxz | sym u | | ngz |
O-yz l U J Zé‘yz
Thus :
du df] d i .
axx=2u<a+ﬂjd—>+ar ayy=2#a_y(L+Ur
d¢
Oxy = ( Le;+ ) dx) =2u lpz — ('t o (23)

GIo¥ d¢ atlJy f’hpz
Oxz = U < €]+lpz dx) (
i i df]'
Where : o, = Atr(g) = Mgy + gyy + €17) = /’l( + {tdivypt + x).
4.2, THE PRINCIPLE OF VIRTUAL WORK AND THE EQUILIBRIUM EQUATIONS:

We write the expression of the internal virtual work:

Wiy = f of Sedv (24)
|4

sw _f dsu o dog;\ oy 00
int — v Oxx dox j dox Oxy ay Oxz 3 0z f]

i 25
+ (nylpy + szlpz) ( ( )

Iy oy ro, (6% 0y,

O'yywﬁ'ﬂ EP ay) 8¢t |dV

+ zZz aZ

We integrate over the whole section to obtain:

Ly déu EJ ; dsgt ;
= i - 26
SWine fo (N Ix + M; Ix + T;6¢; + A Ix +q>6(> (26)
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The expressions of the generalized efforts are:

d o
N= f 0 dS = 2u + DS L 4 Apici (27)
s dx
dd iz
My = | Q04 dS = 2+ DKy — =+ 1Q)¢ (28)
S
oQ GIoF agt
Tj = -L (O'xyg + 0,, E) as = u (]jkfk + Djl E (29)
. . . . L ddt
A= f (oxy ¥} + 03 t) dS = p( DEE + C* = (30)
S
, ol oy, oy, oYL . . du . dE;
L= = — _rz — il izl i i) 31
® fs (62 Oy + 3y gy |5+ 3y ) dS = (H" + AFD + 2| P+ Q—~ 31)

The coefficients are expressed by :

Kjsz QQ, ds D}:f Phvads C”:f Ployids ]jszsvnj-vnkds
N N N

F“:f div Pidivp'ds Q]i-:f Q; divyp'dS Pizf divyptds H”:f ALY ds
S S S S

Where the operator 4 is defined by: A(¥’, ") = 2(Vip}, - Vipl + Vil - Vil ) — curlp’ curlyp!

%y _ %

And : curly = 22 oy

After integration by parts of the internal virtual work, we obtain:

v N (dm; da' N\ 5011
SWint—fo —E5u— E_T] 551'— dx_CD 6¢ dx+[N5u+Mi6§i+A6(]0 (32)

SWext

From the principal of virtual work §W;,,; = Wy, thus we can write:

LdN5+dM"T5+dAi @) 8¢ ) dx =0 (33)
J, (o (G =)ot + (G - o) o¢t) -

This relation is valid for any admissible virtual displacements, then the expressions between

brackets have to be null:
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i

dn 0 am; -T;,=0 1<j<
dx © o dx =0 for j=m.,

We develop the two last equations:

—®'=0 for 1<i<n

(34)

( d*¢, (l ,agt
# Qu + DKy dx 2k+/10] dx (];kfk"‘D _>—0
(35)
dfk dz( il ilN 71 du dfk
k (Dkd +ct I — (WH" + AF*){" — ( d—+Qk dx) 0
d2€ (l
(@u + DK — = uBf == — Wi = 0
- l (36)
e —= d¢ -+ UB} B it 4 apiy gt = apt 2
“dx dx
From the expression of the normal force, we have the following relation:
w_ 1y 37
E‘(zuu)s( —APY (57)
Thus, if we replace it in the 27 equation in (36) we obtain :
d*t dé, . . A2Pip! AP!
il il il _ -
uCt oz B ( HE +F (2y+/1)5>( it sy (38)
We introduce some notations:
0.0, .. 4Q, Pt -yl Py
—(2M+/1)f g i las o, C=uf : ds
Qi Qi s sym yr-yYn
vQ, -V, .. VQ,-vQ, pl
S sym vQ,, - VQ, @u+ 1S pm
.'pl : VQl iy .'p‘n. : VQl Ql dlv lp Ql d”] lpn
D=y f : ; s , Q=2 : lds
s lypt-vQ, .. P"-vQ, s 1, dlv [/ Qp div ™
divyidivyt .. divypldivy® a4t yYYH) AL Y™
F=2 f : dS , H=yu f : ds
div Yp"div P S sym A", P™)

And: A=H+F—-Qu+1)Sp®p , B=D-Q

12



The system of differential equations can be written now in the following matrix form :

K§'—B¢' —J§=0 (39)

€y +BT& — A =pN (40)

$1 G
Where:€={i},(={§}
$m In

We note that the matrix C will be diagonal, but not necessarily the matrix K, since the warping
functions from different transversal modes are not necessarily orthogonal. We note also that the
differential equation system obtained in (39) and (40), is analogical to a dynamical equilibrium
equation system for a gyroscopic system in an unstable state. In the next part, we will solve this
system exactly to assemble the rigidity matrix; the general solution will prove to be a little exhaustive
because we need to separate in our system the rigid body motion and flexural modes from the others,
and this is done by making two variable changes, one for the transversal modes and another for the

warping modes.

4.3. RESOLUTION OF THE EQUILIBRIUM EQUATIONS AND DERIVATION OF THE

STIFFNESS MATRIX:

In order to solve the differential equation system written in (39) and (40), we first need to extract
the rigid body motion modes, to this aim we will start by solving the generalized eigenvalue problem
(GEP) Az = aCz. The matrix C is the gramian matrix attached to the basis formed by the transversal
deformation mode vectors, it will be then a definite positive matrix, and by noticing that A is a
symmetric matrix, we can say then that the eigenvalues of our problem will be positive a = 0, and the
number of zero eigenvalues will in fact be equal to the number of rigid body motion modes, that can
be superior to three for some cases, for example for a global cross section formed by 7 disjoints

sections, then the number of rigid body modes will be equal to 3.

After solving the GEP, we obtain the eigenvectors matrix P verifying:

PTAP = [OW G] , PTCP=1 (41)
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Where G is the diagonal matrix containing the non-zero eigenvalues and g the number of rigid body modes.
We proceed with a variable change in the eigenvectors base: { = P9, = P {139‘1}
Andwenote:P=[P, P,] , B,=BP; , p,=P'p for i=12
We substitute this in equation (40) to obtain:
PTCPY,” + PTBTE — PTAPY, = PTpN

9, + BT § =p,N (42)

9’ —G9+ Bl & =p,N (43)

We make also the variable change into the equation (39) to fully transform our system with the new variables:
K§' —J§— B9, —B,9' =0 (44)
We integrate the equation (42) between 0 and x:
9, =940 — BT (§ — §o) + p:Nx (45)

We also transform the generalized effort vector y = {A'};.;<, associated to {:

r ,
r, = {Fq} =P’y =9, +P'D'§ (46)

{ﬂqo’ =T, — DI, N {0q, =T, — Q] & +p:Nx — BT¢

=9 +D}¢ =9 +DI¢ (47)
Where: Ql = QPI = (D_B)Pl =D1_Bl.
If we substitute the expression of 9, obtained in (47) into the equation (44) we obtain:
K& — (I_BlBDf_Bzﬂ’ = B1(qu_Q{ fo"‘ple) (48)
Thus, the system to solve is transformed into a new equivalent one:
K" — By — ] & = By (Tq0 — Q7 & + p1Nx) (49)
9" +Bl & —GI = p,N (50)

Where : J, =] — B;B]
As for the matrix A, the symmetric matrix J, will contain some zero eigenvalues that correspond this

time to the flexural modes, and in order to solve our system we also need to extract these modes and

14



separate them from the other warping modes, thus we have to solve the GEP J,z = aKz, with K the
gramian matrix attached to the warping functions base, thus it’s a definite positive matrix, and as
previously stated, this means that « > 0.

After solving the eigenvalue problem, we obtain the eigenvectors matrix R verifying:
T — Ole T —
R]qR—[ s] , R'KR=1 (51)

Where S is the diagonal matrix containing the non-zero eigenvalues and / the number of the flexural

modes, that will be equal in general to [ = 2q/3.

We proceed to a second variable change: § = R, = R {(Z;}

Andwenote:R=[R;y R;] , B;;=R/B; , Q;=R/Q; fori=12and j=1,2

We replace in the equation (49) to obtain:

R"KRe," - RT]qR‘Pt —R"B,9' = RTBl(rqO -Q7 &+ ple) (52)
@, — B9 = Bll(rqo - QI $o+ ple) (53)
@' —Sp—B,, 9 = BlZ(rqO _QI $o +p1Nx) (54)

We integrate the equation (53) from 0 to x:
¢, =B 9 +h, (55)
Where: h, = @,,' — B,;9, + By ((l“qo — QL @10 — QlLpo)x + ple?Z).
By replacing (55) in the equation (50) after making the variable change, we have:
9" — GI + Bl,¢'+ B}, ¢,' = p,N (56)
9" — (G — B}1B,1)9 + Bj,¢' = p,N — B}, h, (57)
We transform the generalized effort vector m = {Mj}lstm associated to §:

Y, = {11} = R'm = R"(KE' + 00) = @', + R'Q¢ = ¢/, + R'Q,9, + R"Q;9 (58)

@10 =Y — Q11940 — Q219 { ¢, =B 9 +h,
Y = (p, + leﬂq + szﬂ Y = (P, + leﬂq + 02219

Where h, becomes : h, = Y;g — D199 — Q11940 + B11 ((rqO - QL1 9 — Q{z‘l’o)x +p.N x?)

We note:

B12(rq0 - Q{1 P — QIZ‘pO + ple)}

G.=G-BYB, , fr= {fl}z{
21921 fx fz pZN—Bgl hx

15



0 -B
o={5 - Tz[(l) (I) ’ Uz[Bgz 0o ] V=[g ((i)*

Thus, from (54) and (57) we can write the final system to solve:

@' =By 9" —Sp=f;
n I __ — 60

{19’,+B£2(P,_G*19=f2 = T¢ +U¢ V¢ fx ( )
We resume here all the equations that form our new system, that we will solve exactly, equivalent to

the initial system in (39) and (40):

' p 9 -1,
Y Curns PrtaT P
19q, =lg0 — Q11 @10 — Q12 @0 — Bl — B, + p;Nx (61)
¢, =B 9+h,
T¢' +UP —V = f,

We note k = m + n — q — [ the dimension of the last 2" order differential equation system.
Now that we have uncoupled the rigid body motion and flexural modes from the other modes, we
detail the solution of the differential equation system (62) without the second member:
T¢"' +U¢d'—Vep =0 (62)

Tiip+Udp—-Vp=0 = (ToF+Ud,—V)p=0 (63)
Where 0, is the derivate about x operator.
To solve the system we will need then to solve its characteristic equation:

det(Tw? + Uw — V) = det(T)w?* + lower order term = 0 (64)
T is a positive definite matrix, thus det(T)>0, this implies that the roots of the equation (64) with their
multiplicity will be equal to 2k. Solving this equation corresponds in fact to solving a special class of
eigenvalue problem called the quadratic eigenvalue problem QEP, see[7], where we need to find
(w, 2) € C**1 verifying:

Gw)=Tw?>+Uw—-V)z=0

Proposition 1: If T and V are definite positive matrices, then the eigenvalues of the QEP G(w)z = 0 will
be finite and non-null.
Proof: We introduce some notations : t(z) = z*Tz, u(z) = z*'Uz, v(z) = z'Vz, where * define the

conjugate transpose of a matrix. For (w, z) an Eigen-pair, we can write:

16



Gwz=0 = z6wz=t@v*+u(@w-v(z)=0 (65)

The solution of the 2nd order equation z"G(w)z = 0 will be written in the following form:

= TU@) £ u@)’ +4t@)v(z)

2t(2) (0

T is a definite positive matrix thus t(z) > 0, it implies that w will have finite real values. Vis also a

definite positive matrix then t(z)v(z) > 0, thus \/ u(z)? + 4t(2)v(z) # |u(z)] = o # 0.

Proposition 2: For T and U real symmetric matrices and V a real skew-symmetric matrix, then the
eigenvalues of the QEP will have Hamiltonian properties, which mean that they are symmetric about
the real and imaginary axis of the complex plane.
Proof: G verifies the following relations:

6(w) =6(w)T =Tw* - Us -V = 6(-o) (67)
T, U and V are real matrices, thus : 6(w)" = G(-~w)
From these two relations verified by G we can deduce that if w is an eigenvalue then @, —® and —w

are also eigenvalues of the problem.

The solution of a QEP is performed with the aid of a linearization, which transforms the problem to a

classical generalized eigenvalue problem:

v G =elo A6 &

Where:w =2 y=wz

After the resolution of this problem we obtain 2k eigenvalues assembled in the diagonal matrix S, and
Ry 21 there corresponding eigenvectors matrix. Thus the solution of the system can be written in the
following form:

¢, = Re**a (69)
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Where a € R?¥ is a vector of arbitrary constants that will be expressed later in function of the
boundary conditions.

Knowing that the eigenvalues verify Hamiltonian properties, we can re-arrange the matrix S and R in
the following way:

51 ¢ 0 [51 < o | [© o 0
s= ! = ! +i =S, +iS; (70)
0 S, 0 Sy, o Su
S_Z Sar —Sai
R=[®, —P, &, d,]=R,.+IiR; (71)

Where S, S;, R, and R; are real matrices, and i is the complex number verifying i2=-1.

Proposition 3 : The solution of the differential equation system in (62) can be written in a real form as

follows:
¢x = (Rryx + Rin)eera (72)
Where:
I A L
Y, = X , Ly = X , Xex = COS(SZix) y Xox = Sin(szix) (73)
[ 0 SX J [ 0 cx J
XCX XS.X'
Proof : see appendix A3.
[

To complete the solution of our system, we write its particular solution:
X X
Py = f ReS*VLf, dt = Re%* f e StLf, dt (74)
0 0

Where R and L are respectively the right and left eigenvectors, verifying the following relations:

RL=0 , TRSL=1I (75)
And :
B1,(Tg — Q11 @10 — Q1,90 + p1Nx) l
- {;;} ) LPZN — B2 | Yio = Dz1do - Q11940 + By ((qu - Q11 @ — Q{Z‘Po)x + p1N%2> J 70
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f.= { B12( Q11 @0 le‘Po) } + { By,p:N } 1{ 0 } 5
* p,N — BY, (Ylo - D, 9y — Qllﬂqo) _Bngll(rqO - Q11 @10 — Q12‘P0) B}.B.1piN (77)
g1 g2 g3

fx =91+ g2x — g3x*
Proposition 4 : For a differential equation system: T¢p"' + U¢’' — V¢ = f,, if the second member f, has the

following form: f, = Y1, f;x', then the particular solution ¢, of the system can be written as follows:

- Z Rs-1Lf, @ (78)

Where £, denote the ith derivate of f, about x.

Proof: see appendix A4.

n
Thus, the particular solution of our system is:
Ppr =~V fx —VIUVTHg, — 2g30) + 2(VTI TV + VTH(UV )P g, (79)
We can write the total solution of the system :
b =Wyea+ G 94 + G99, + (G5 + G4x)(I'q0 - Q{1 Pio — Q{Z‘Po) + G5Yyp + (G + Gyx + Ggx*)N (80)

Where :

Wx = (RrYx + Rin)eer

[ 0 L[ 0 i B _
6= ] 6= ] o (g, 1) =g |
! B}1Q1 2 B}Dy, : B}, B, ] * BB,
4 0 _ _+[B 0
G=V1[ ] TV1+UV1[ ]—UVllZpl—[]
> B}, <( ( ) B} 13111’1 [ 0 ] p:

_ Bi,p _
G =V (UV [ ] a 0 ) ’ G - _V [ ]
7 B},B:p, [ 0 ] B},B;1p;

We express the limit conditions at the two extremities of the beam, in x = 0 and L:

$o — Glﬂqo —Gy9, — G3(qu - Qfl Qo — Q{Z‘Po) = GsYy— GN =Wya (81)

¢, - 61‘9q0 - Gy9, — (G3 + G4L)(qu - Q{l P — Q{Z‘Po) = GsYy — (Gg + G,L + GSLZ)N =W,a (82)
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We assemble (81) and (82) to obtain the expression of the vector a :

bo
b,

9
oo wo]‘l 1 0 -G, —G, ~G; —Gs —Gs < ﬂqo

Tlwd Lo 1 -6 -6, G5+ 6. —Gs —(Gs+ 6oL+ Gyl?) Lo
Ty0 — Q11 @0 — Q1290
Yy
N
Thus, we can express the vector a in function of the boundary values:
a=Hyp,+H,¢p, +H 9y + H, 0 + H3(Fq0 - Q1 @1 — QIZ‘PO) +H,Y;, + HsN (83)

. ¢ .
And by noting: Has¢o = [0 H]{ 1,(‘)’} ,Gop = [0 Gy], Hyy = [H;QT, 0], Gy =[G,QT, 0] i=34

We can re-express our solution in the following form:
br = (Gap + Gag + Gagpx + W, (Ho + Hyg + Hay)) o + WoH b, + (Gy + W, H, YDy

+ (63 + Gox + W, H;)(Ty0 — QT @10) + (Gs + W H,)Yi (84)

+ (Gg + G,x + Ggx* + W, Hs)N

¢x = Enx"OL + EExEOL (85)
" r;v \
n o ! = E
Where: 17, = @, ( @ M= {712} ) By = {Yl ¥ » oL = {52}
Y

¢ \r)
Ep=[0 G +W.H, —(G3+Gx+W,H;)QT, Gp3+Guyx+W,Hp; 0 0 0 W.H,] (86)
Ezx = [(Go + Gox + Gox* + W, Hs) Gs+Gx+W,H; Gs+W.H, 0 0 0 0 0] ®7)

And:H023=H0+Hz¢+H3¢ ) 623= GZ¢+G3¢

We note:

X

X X
b_ix = f ¢dt =E_ 1MoL+ E_1zx80,  » E_1p0 = f E,dt , E_jz = f Ez.dt (88)
0 0 0
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X X X
b0 = f P_qcdt = E—Z,nanL +E ;=0 E—z,nx = f E—1,ntdt , E gz = f E—l,Etdt (89)
0 0 0

dE dEz,

== EipxMor + E1zxBor » Eipx = d_;x' Eizy = d); (90)

For the calculation of the integrals and derivative of ¢,, see appendix 5.

By using the solution of the system, we obtain 9 that we can replace in the 3¢ equation of (62) to

obtain ¢;" and by integrating we obtain ¢, in function of the boundary conditions:

¢, =B, 9+ h,
X
Q=@+ h_qy +321f Jdt
0

Q=@ +h_,+By Ay (E—Lnx'TOL +E_15:Z01)

= @ =FpMo + FzEq (91)

2 3
Where: Ay = [0 I], h_y, = f; hedt = (Yyg — D199 — Q11940)x + Byy ((rqo - Qi @i~ QIZ¢O)%+ piN %)

With ¢ and ¢, obtained, we can replace then in the 2"d equation of (62) to obtain 9," and by

integrating we obtain 9, in function of the boundary conditions:
19q, =1lg — Q1 @1 — Q1, ¢ — Bl ¢, — B,
19q, =l1g0— QL Pio — Q{Z Po — B{1(‘Plo +h_1x + By1Ag P_1y) — szqu by

V=04 + (rqO - Q71 ¢ — Q1 ‘Po)x - B, (‘Plox +h_,, + B}, A, (E—Z,nxn0L + E—Z,ExEOL))

— B,4A, (E—l,nanL + E—I,ExEOL)
= I9q = an"OL + Hz, By, (92)

2 3 4
Where: 4, = [I 0] ,h_, = fox h_iedt = (Y — Dy 9 — Qllﬂqo)x; + By, ((rqo - Q1 @1 — QIZ‘PO)% +piN Z_4>
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The resolution is completed by performing a simple variable change to obtain the original vectors &
and ¢. To derive the rigidity matrix, we will as in Ferradi et al[1], assemble all the equilibrium
equations that we will express at the two extremities of the beam, in x=0 and x=L.

From (46) and (58) we have:

{Y =@ +Q9, + Q9 N {Y 0 Q. 0 0 sz] i (93)

r=9'+D},¢ + D}, r} =Euptlon HEvaBotlg o propr, o

This system is expressed at the two extremities of the beam, at x=0 and x=L, so we obtain 2k equations:

Yo [0 Q: 0 0 Qy 1
T T 0
Iy El,EO - _ Elﬂ70 |0 0 D3, D3, 0 |
- oL = + | | Mo (94)
Y, Eiz Ei 0 0 @, 0 0 @
I 0 o DI, DI, o

We also have from (46) and (58) the expression of the generalized efforts vectors I'; and Y;, that we

will express in function of the boundary values:

—9 ' +pT T
{Fq—ﬂq,+D11(pl+D12(p - {rq}: Hl’""]noﬁ[Hl’Ex] 2, + o o pf, p, O ]nx (95)
Y, =@, +Q119, + Q9 Y, Fipx Fizx 0 Q; O 0 @
dF dFzyx _ dHpy _ dHgy
Where: Fl,nx = dz ) Fl,Ex = dx ) lenx - d;’ ) Hl,Ex —?
We express (96) only at x=L, to obtain g+ equations:
T His H 0 o D, b, O
ar) _ [Hig]g 1.nL] +[ 11 D1z ] 96
o Pl i L P S P L .
By expressing 9, and ¢, at x=L, we obtain the remaining g+! equations:
HEL]-; _([HnL]_o 000 00T 00O 0)
[FEL Sor =\ |F,, o 0 00000 10 o) ©7)

And finally from the integration of the 1st equation in (62) and the equilibrium equation Z—Z =0, we
add the two following equations (98) and (99):
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N.L L L
S S R (9
U, —Up Cu+ DS P1 S q 2 S

NoL . _
U, — Uy = Qu+Ds 127 (H—1,nx770L +H_1580,) — P2 Ap (E—l,nxUOL +E_15:Z01)

NoL ~
= U, Ut (Hzl.nx p.t Ezl.nx A1T9p2) "NoL = m - (Hzl,Ex p1+EL 5, Agpz) =) (98)
N,—Ny=0 (99)

Where: F_y, = [ Fyedt , F_yge= [ Fgedt , H_jpy=[ Hydt , H_jz = [ Hgdt
Thus, by assembling all these equations we obtain a system of 2(m+n+1) equations, written in the

following form:

Ke Ky 1o (100)

K, is then the rigidity matrix of the beam element, derived from the exact solution of the equilibrium

equation. This matrix was implemented in Pythagore™ software.

For quasi-incompressible materials (v = 0.5 = 1+~ 4), a special attention must be given to the
transversal modes we are using in our kinematics to avoid incompressible locking. In the expression of
the stress tensor in eq.23, we have the apparition of the stress o, = Atr(g) = 1 (Z—z + {{div ' + Q Z—?),
thus when A4 = +o00 we need to be able represent tr(g) = 0, and this can be assured by associating to
every warping mode (), a transversal deformation mode /%, constructed in a way to compensate the
warping mode, and thus to satisfy tr(g) = 0 when it’s needed. These newly determined transversal
modes will be called ‘incompressible deformation modes” and will verify the relation div /* = ;. We
have also noticed that even for 0 < v < 0.5 (for example v = 0.3 for steel) the error in the results cannot
be negligible if we do not consider the “incompressible deformation modes’, thus we have chosen in all
our examples to take v = 0 to avoid any discrepancy, noting that this subject will be treated in detail in

upcoming work.
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5. THE GENERALIZED EFFORT VECTOR :

We have the displacement vector of an arbitrary point P of the section:

m
= ¢
Uy n 1 0 . 0 9o . Q :
Wp = 0 ¢! .. Yy 0 .. 0]|&
> st n
i=1 d

Where d is the vector representing the generalized coordinates.
If we apply at the point P a force represented by its vector f,, we will have the following equivalent

generalized stress resultants :

N
YTy + T,
N :
T, N
QN

6. NUMERICAL EXAMPLES :

In all the examples presented in this section, we will perform three types of comparisons, one
concerns the comparison of the displacement at the section where the load is applied and where the
effect of the higher transversal modes will be important, the 274 concerns the normal stress at x=0.05m
the vicinity of the fixed end, where the effect of restrained warping is the most important and the
effect of the higher warping modes are non-negligible and the 34 concerns the shear stress in the

upper slab at x=0.95m.

For all the figures representing the numerical results, the table 1 and 2 give the transversal modes
used for each beam model in the figure and the number of corresponding warping modes used for
each transversal mode and gives also the type of cross section used in the beam models, 1D if the cross

section is discretized with 1D (or beam) element and 2D if it’s discretized with triangular element.
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Box girder:

We consider in the following examples a 10m length cantilever beam, with E=40 GPa and v=0,
loaded at its free end. The comparisons will be performed between a shell model of the cantilever
beam using the well-known MITC- 4 shell element described in [8], and a model with just one element
of the new beam finite element, using different numbers of transversal modes. All comparisons have

been performed with Pythagore™ Software.
The boundary conditions of the considered example are:

* No displacement at the beam’s bearing: u =0, {; =0, { =0 for all warping and transversal

modes.

dé; i
e At the free end: ad 0, X _ .
dx dx

For the beam cross section we choose a box girder represented in figure 3. Some numerical values

for the matrices in p.12 are given in appendix A7.

3m

: + 1

Figure 3 : A view of the shell model of the beam and its cross section.

The beam cross section will be discretized in two manners, the 15t one with 7024 2D triangular
elements, and the 2 one as a thin walled section with 6 1D elements. For the representation of the

warping and transversal modes see appendix A6.

For the shell model of the beam, to obtain accurate results we use a refined meshing, where the
dimension of the small square element is 0.1m, the model will then comport 6000 shell element, 6060
nodes and 36360 degree of freedom. To measure the effect of the meshing refinement and its necessity
for the shell model of the beam, we will compare the different results obtained from shell models with

different meshing.
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We consider as a 1% load case a centred force Ty=-1MN at the upper slab of the box cross section

and at the free end of the cantilever beam, see figure 4.

1MN

3m

Fiqure 4: beam cross section with the centred applied load.

L,

Beam Beam
del .
(tn;r;eeof Transversal | Corresponding (tn;;geolf Transversal | Corresponding
ross modes warping modes ross modes warping modes
section) section)
) 1 5 1 2
Figure5 | A (1D
8 (1D) 23 1 A(2D) 3 1
1 4 Fi 1 2
A(2D igure
Fi D) 2-3 1 12 BD) 2-6 1
igure 6 1 > >
B(2D 1
(2D) 3 1 C(2D) 510 1
1 2 1 5
A(2D ; .
(2D) 210 1 Figure | A(2D); > 1
1 > 14 B(1D) 3 1
B(2D) 2-12 1 1 5
Figure 7 1 >
2 1
C(2D) 220 1 Fi A(2D)
igure 3 4
1 2 15 -
D(2D) 3 : 46 1
B(2D) L 2
1 2 -
A(2D) 3 : 23 L
Figure 8
1 2
B(2D) 2-20 1

Table 1: the transversal modes with their corresponding warping modes for the beam models used in the listed figures.
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2
Z(m)

= 4= =SHELL

——&=— Beam model A (cross
section with 1D element)

74000 - NORMAL STRESS KN/m?

Figure 5 : Comparison of the normal stresses between the shell and the beam model, at x= 0.05m and at mid-
depth of the upper slab (Ty = -1 MIN)

8000 -
Shear stress xz (KN/m?2)

= += =SHELL MODEL 6000 -

== BEAM MODEL A

4000 -
= =/+= BEAM MODEL B

000 -

Z(m)

D

-2000 - Y

-4000 -

-6000 -

-8000 -

Figqure 6 : Comparison of the shear stress xz between the shell and the beam models, at x= 0.95m and at mid-
depth of the upper slab (Ty = -1 MIN)
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-2 -1.5 -1 -0.5 ) 0.5 1 1.5 Z(m%

A=k o= =/ -y == Y el G T N

eeo¥ee Beam model A
= 4= =Shell model
== Beam model B

=== Beam model C 0.25 -
===~ Beam model D ‘07 | VERTICAL DISPLACEMENT(m)

Figure 7 : Comparison of the displacement between _the shell and the beam models, at x= 10m and at mid-
depth of the upper slab (Ty = -1 MIN)

0 4 1
10
X(m)
-0.05
-0.1
015 — 4= =SHELL MODEL e AL
—©— BEAM MODEL A
0.2 4 —A = BEAM MODEL B
-0.25 - *
VERTICAL DISPLACEMENT (m)
-0.3 -

Figure 8 : Comparison of the vertical displacement along the beam length between the shell and the beam models.
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——ee MT=4
MT =5 ,
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—_— —=MT=7 ,
- = -MT=8 !
MT =9 1
0.04 MT =10 !
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0.01 - MT = 19 7 /:
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() o —————————— T . 2 ---" = / X(m)
~
L 2 4 6 8 Ny 10
\
-0.01 - \
\
-0.02 -

Figqure 9 : representation of the generalized coordinates associated with the higher transversal modes(4-20) along
the beam’s length, for the beam model C in Fig.7.

21
<+ %o s MESH SIZE = 0.2m \? B
—o&— MESH SIZE = 0.5m 1, o+
— 4+ = MESH SIZE = 0.1m 0380504
=0. y | 4
\/

i VERTICAL DISPLACEMENT (m)

-0.25 -
Figure 10 : Comparison of the results obtained from the shell model with different mesh size.

The Fig.5 illustrate the fact that in this example the shear lag effect near the fixed end is correctly
predicted by using five warping modes for the vertical displacement mode. Fig.6 shows that we have
a precise representation of shear stress distribution with only three transversal modes (rigid body

motion) and four warping modes associated to the vertical displacement mode.
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In Fig. 7, we can see that the beam model B (12 transversal modes) gives satisfactory results that still
can be refined by using more transversal modes, and this is performed with the beam model C (20
transversal modes). We can see also from Fig.7 that at the connections between the upper slab and the
two webs (z=-0.5m and z=0.5m), the vertical displacement is exactly the one corresponding to a rigid
body motion, and this is valid for the shell and all the beam models. The figures 8 and 9 shows that
the effect of the higher order transversal modes become more and more important when we approach
the loading zone, Fig.8 shows also that we obtain a precise description of the vertical displacement
distribution along the beam, especially near the loading zone.

From Fig.10, we deduce that the refined shell model of the beam, with a mesh size equal to 0.1m,
is necessary to obtain accurate prediction of the vertical displacement at the loading cross section. This
model has 6000 shell elements, 6060 nodes, with a total of 36360 d.o.f., and compared to the beam
model B with one beam element and twelve transversal modes, with a total of 50 d.o.f., it shows the
advantage of using such enriched beam element, even if it necessitate some preliminary cross section
treatment to obtain the transversal and warping modes characteristics, because this step will be done
only once and we can after perform as many calculation as we want with different loadings and
configurations with the same reduced number of degree of freedom. We can see also that solving the
equilibrium equations exactly, allows us to obtain accurate results without using a refined meshing of
our beam element, and this is showed in the numerical examples where only one beam element is
needed.

As a 2nd load case, we apply the same vertical force Ty=-1MN at the upper slab but eccentric

from the centre of gravity and torsion (z=0.5m), see figure 11.

1MN

+ 1

3m

0.05m

Figqure 11: beam cross section with the excentred applied load.
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2 . : 15 2(m) 2

= =/== Beam model A -0.18

=—3é=— Beam model B
-0.185

==6= Beam model C

— + =Shell model -0.19 1

-0.195 - VERTICAL DISPLACEMENT (m)

Figure 12 : Comparison of the displacement between the shell and the beam models, at x= 10m and at mid-depth
of the upper slab (Ty = -1 MIN)

1.50E-02 -
1.00E-02 - I
e
>’
5.00E-03 - v
P
e Vo
)(X
X el
0.00E+00 Fommmimsktatad oo o e ol : ——
2 4 % 8 10
N\**
Y

-5.00E-03 - S

MT = 4 .

\4‘
——fe= MT=5 *
1.00E-02 %
LO0E02 | _ oo *
s

MT=7 \*
-1.50E-02 - MT =8

MT=9
-2.00E-02 - MT=10

Figure 13 : representation of the generalized coordinates associated to the higher transversal modes(4-10) along
the beam’s length, for the beam model B in Fig.12.

31



-2 -1.5 -1 -0.5 0.5 1 1.5 2
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==/ = Beam model A
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NORMAL STRESS (KN/m?)
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Figure 14 : Comparison of the normal stresses between the shell and the beam model, at x= 0.05m and at mid-
depth of the upper slab (Ty = -1 MIN)

8000 ‘shear stress xz (KN/m?)
= 4= =Shell model 6000 -
&= Beam model A
= == Beam model B 4000 1

2000 -

Z(m)

-8000 -

-10000 -

Figqure 15 : Comparison of the shear stress xz between the shell and the beam models, at x= 0.95m and at mid-
depth of the upper slab (Ty = -1 MIN)

From Fig.12, we obtain satisfactory result with only 6 transversal modes, and always with just one
beam element, which corresponds to a model with a total of 28 d.o.f. The Fig.13 shows that only the 5t

and the 6t transversal modes give a substantial contribution to represent the beam behaviour; this is
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in accordance with the results of Fig.12, where there is no difference in the displacement distribution
obtained with a beam model enriched with 6 or 10 transversal modes.
The figures 14 and 15 compare the stress distribution between shell and beam models, the results

clearly show the effectiveness of the enriched beam model.

Double T cross section:

In this example we consider a 12m beam clamped at its both end and loaded with an eccentric (z=2m)
vertical force of 10MN in its middle(x=6m), see Fig.16, the material characteristics will be the same as
the previous example. We will use two beam finite elements to discretize the whole beam. To test the
performance of our beam element, we will perform a comparison with a shell (MITC-4 element) and a

brick (SOLID186 in Ansys™) model of the beam (Fig.17).

1m ; 1m 10 MN
T

CY W

I
Y
—
z
s

0.2m

D.2m$‘

Figure 16: A view of the beam cross section.

Figqure 17: A view of the brick model of the beam.
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Beam
(tn;ozle;f Transversa | Corresponding
ciss I modes | warping modes
section)
1 2
A (1D) 23 1
1 2
Figure B(1D) 2-6 1
-18 1 2
(D) 2-10 1
1 2
b@D) 2-10 1
1 4
A(1D) 2 1
Figure 3 4
19 1 4
B(2D) 2 1
3 4
1 4
A(1D) 2 1
Figure 3 4
20 1 4
B(2D) 2 1
3 4

Table 2: the transversal modes with their corresponding warping modes for the beam models used in the listed figures.
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Figure 18: Comparison of the displacement between the brick, shell and the beam models, at x= 6m and at mid-
depth of the upper slab (Ty = -10 MIN)
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Figqure 19 : Comparison of the normal stresses between the brick, shell and beam model, at x= 0.05m and at mid-
depth of the upper slab (Ty = -10 MN)
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Figqure 20 : Comparison of the shear stress xz between the brick shell and beam models, at x= 0.95m and at mid-
depth of the upper slab (Ty = -10 MN)
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Figqure 21 : representation of the generalized coordinates associated to the higher transversal modes(4-10) along
the beam’s length, for the beam model C in Fig.18.

The figures 18, 19 and 20 illustrate the comparison between a brick & shell models of the beam with
our beam finite element models, showing the efficiency and the accuracy of our formulation. We note
from Fig. 19 and 20 that the beam models B, with a cross section meshed with 2D triangular element is
more close to the brick model. The beam models A, with a cross section meshed with 1D elements can

be more closely compared to the shell model.

7. CONCLUSION:

In this work, we have presented a new beam finite element based on a new enhanced kinematics,
enriched with transversal and warping eigenmodes, capable of representing the deformation and the
displacement field of the beam in a very accurate way. A complete description of the method to derive
these modes for an arbitrary section form is given. Theoretically we can determine as many warping
modes as we want to enrich our kinematics, but we have observed that the number of modes that we
can derive accurately is limited, due to the numerical errors accumulated in every new iteration of the

iterative equilibrium process.
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The additional transversal and warping modes give rise to new equilibrium equations associated

with the newly introduced d.o.f. corresponding to each mode, forming a system of differential

equations that can be assimilated to a one obtained from a gyroscopic system in an unstable state. An

exact solution of these equations is performed, leading to the formulation of the rigidity matrix of a

mesh free element. However we must note a limitation to this formulation: we need to calculate the

exponential of a scalar (corresponding to an eigenvalue of the equation system) multiplied by the

beam’s length, if this product is great enough, its exponential can’t be calculated in the range of a

classical machine precision, a solution would be to discretize sufficiently the beam to reduce the

length of the beam elements, or to eliminate the corresponding mode associated to this eigenvalue.

APPENDIX A1: Stiffness matrices for the triangular and the 1D element.

For the 1D element, we use the stiffness matrix of a planar Euler-Bernoulli element, expressed by:

ES ES
T 0 0 T 0 0
12E1 6EI 12ElI  6EI
5 ' "5 7w
4E1 0 6EI 2EI
Kb = l ES lz l al
T 0 0
12E1 6E1
sym I3 —l—z
4E1
l

Where S = t? is the surface, t the thin walled profile thickness, 1its length and I = t*/12 its inertia.

For the triangular element, we use the rigidity matrix in planar stress, expressed by:

Et

T 4A(1—vP)

[a? + ab?

(e +v)ayby aya, +abb, va b, +aayb; aya; + abib;  va,bs + aasby]
b? + aa?  va,b; + Aa;b, b b, + aaya, vazh, + aa;b; a,a; + abby
as + ab? v+ a)ayb,  a,a; +ab,b; va,b; + aazb,
b2 + aa3 vaszh, + aa,b; aas; + ab,bs
sym a3 + ab? (v + a)azbs
b% + aa3
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Where A is the triangular element surface, t its thickness and @ = (1 —v)/2.

And for (x1,y1), (x2,¥,), (x3,y3) the triangular element nodes coordinate we have:

QL =Y,=Y3 A =Y3—Y1 A3 =)Y1— )2

by =x3—%; by=x—x3 by=x—x

APPENDIX A2 : derivation of the warping functions for thin walled profiles.

For thin walled profiles we make two approximations:

The tangential shear stress in the cross section is tangential to the thin walled profile.

The tangential shear stress is constant in the thin walled profile thickness.

The expression of the tangential shear stress vector is given by:
—uw -V g
T, =Tt

d¢ a0 T
Tsz,u(ll)-t—VQ-t)E = =¢-t—

s aq a3

Hdx

Where t is the tangential vector to the thin walled profile, and VQ - t = 29

as
For a section free to warp, we have as already written:
ou d*¢ dq
P
= = = - @ — =
e 0 Q Tx? 0 ix cst

We consider then that u % = }, with | a constant. We can then write:

20 . 2’0 a o 4
ds ¥ J%s ds?  0s ¥ J ds

We write the equilibrium equation of the beam:

00y, divT = 00y,  0Ts 0
Ox tdve = 6x+(')s_
at, A

—S—_Z di 5
](')s #dnn[) a
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After replacing this in the equation a.2, we obtain :

920 9 A
= S(l[)-t)-i—;dwt,b a.6

ds2 s
By integrating this equation twice, we obtain Q as a function of its limit values in the extremities of the
thin walled profile. After assembling the equations expressing () for each thin profile constituting the

section, we obtain a system of equations that can be solved to an additive constant, thus to solve the

problem uniquely we add the condition [, QdA = 0.

APPENDIX A3 : proof of proposition 3.

We replace the obtained solution Re**a in the equation system:
(TRS? + URS —VR)e5*a = 0 a7
This relation is valid for an arbitrary vector a, thus:
TRS*+ URS—VR =0 a.8

By developing this relation we obtain:

(T(R,(S% — 5?) — 2R;S;S,) + U(R,S,. — R;S;)) — VR,)

a.9
+i(T(R;(S% — $?) + 2R,S;S,) + U(R,S; + R;S,) —VR;) =0
Thus, we have the following two formulas:
T(R,(S%2 — S?) — 2R;S;S,) + U(R,S, — R;S;)) — VR, =0 a.10
T(R;(S? — $?) + 2R,S;S,) + UR,S; + R;S,) —VR; =0 a1l

We calculate now the first and second derivate of ¢, = (R,Y + R;Z)e5*a :
¢, = (R,S.Y +R,S,Z+RS,Z—RSY)e™a

¢, = (R.(S2—S?)Y + 2R,S;S,Z + R,(S? — S))Z — 2R;S;S,Y)e"a
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We replace the expressions of the derivatives in the equation system (62) to obtain:

T¢x” + U¢x, -V,
= (T(R,(S% — %) — 2R;S;S,) + U(R,.S, — R;S;) — VR,)e5~*Ya a.12

+ (T(R;(S? — $?) + 2R,S;S,) + U(R,S; + R;S,) —VR,)e’*Za

Thus, from the equations a.10 and a.11 that we replace in a.12, we obtain T, + U, — V¢, = 0,

which verify that ¢, = (R,.Y + R;Z)e5*a is a solution of the system.

APPENDIX A4 : proof of proposition 4.

We suppose that the 2nd member f is of the form f, = f,x™, we suppose then that the particular

solution will be given by:

ZRS‘L Lf0 = —ZRS‘l L fox™ l( 'l)l al3

We calculate the expression of Vgp,,, U¢p', and T"', :

n!
ZVRS“ L fox™ ‘( i = —VRS™Lf,x" — VRS ?Lf, nx™! —ZVRS“ UL fox™t

— (n—=1)!
n-1 I I
ZURs—l 1fo’“1L —URS'L f,nx" ! — ZURS UL fx™ i ——
n—i-1)! m n (n—1i)!
i=0 i=2
n-—2 ' I
ZTRS i— lLf X i— ZL ZTRs—HlLf X i n
. n—i-2)! m (n—1i)!
i=
Thus :
T} v +U¢p p Vo,
=VRS Lf,x™ — (URS —VR)S2Lf, nx"1
a.l4

- TRS%? + URS —VR)S™\ 1L f x™!

By using the following relations deduced from the equations (75):

TRS?+URS—VR=0 , (URS—VR)S?L=TRL=0 , RS L=V
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We verify that: T¢", + U¢', — V¢, = f ,x", thus ¢, is a particular solution system, and by the
superposition principle, its straightforward that for a 2"d member in the differential equation system

of the form f,, = XL, f;x the particular solution is ¢, = — Xy RS 'L f.

APPENDIX A5 :
In the calculation of the integrals and the derivative of ¢, expressed in the relations (85), (86) and (87),
the only difficulty is the calculation of the integrals and derivative of W, = (R,Y, + R;Z,)e’™ used in

its expression. Thus, we want to calculate the expression of W_,,, W_,,, W_3, and W,:
X X X
W_,, = f w.dt , W_,, = f W_i,,dt , W_s = f W_,dt , Wy,=W, a.l5
0 0 0

We have the expression of W, :

Wx = (RrYx + Rin)eer

eslx eslx
[ e S 0 ] [ e—S1x 0 ] a.l6
= Rr 0 X xeszrx | + RL' | 0 cheSer |
| cheSZT"J | szeSerJ
0 0
If we note Q = 0 0 and R,; = R, + R;Q then we can express W, in the following form :
0 I 0
eslx
e—Slx 0
W, =Ry 0 szeszrx | a.l7
| X, e5ar%
The 1st integral of W, will be expressed by :
- X
f eSitdt
f e S1tdt
W_., =R, 0 X a.18
f X . eSrtdt
0 0 x
f X, eSrtdt
0 |
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We need to calculate: | Ox X.e5rtdt and [ Ox X ce$2rtdt. This is performed easily by using the complex

number:

X X X
f X eeSertdt + i f X eSartdt = f eSartiS2Dtde = (§,, + iS,) " (eSar+iS20x — )
0 0 0

= (83, + 5307 Sy — i85 Xy + iXy)eS2r — 1)
= (((AZrch + AZisz)eszrx - AZr) + i((AZrsz - AZchx)eszrx + AZi))

Where : Ay = (85, + 83078y , Agr = (S5, + 53) 7Sy

Thus :

X
f Xoe52rtde = (A Xex + Az Xs)eS2* — Ay, a19
0

X
f XgeeS2rtdt = (A Xgy — Ay Xop)eS2r™ + Ay, a.20
0
With a.19 and a.20 we can then determine W_, easily.
In the same way, for the calculation of W_,, we will need to calculate f(f ((AZrX ot T Ay X )eSart —

AZr)dt and f;((AZrsz — Ay, X, )e5r* + Azi)dt, this can be done by using the expressions in a.19 and

a.20. Thus:

X
[ (X + AuXsert = ay, e
0
21
= AZr((AZrch + AZisz)eszrx - AZr) + Azi((AZrsz - AZchx)eszrx + Azi ) - Aer a
= ((A3, — AZ)X ey + 245, Ay Xy )52 — Agx + A3, — A3,
X
f [(Ag Xy, — Ay XSt + Ay ldt
0
a.22

= Ay (Agr Xy — ApiX)eSs™ + Agy) = Ay (Agy Xox + Az X )57 — Ay, ) + Ayix

= (43, — A3)Xox — 243145, X o, €S2 + Ayyx + 24514z,

42



Finally for the 34 integral, it will be expressed with the aid of the two following integrals:

x
f (((A%r - A%i)Xct + ZAZrAZiXst)eszrt - Azrt + A%i - A%r) dt
0

2

X
= ((A%r + A%iAZr)ch - (A;i + AZiA%r)sz)eszrx - Azr? + (Agi - A%r)x - (Agr - A%iAzr)

X
| (a3 = 280K = 2,0, K)ot + Ayt + 28, ) e
0

2

X
= ((Agr - 3A%iA2r)sz + (Agi - 3A2iA%r)ch) eSar¥ + Ay 7 + 24545 x + 3A2iA§r - Agi

APPENDIX A6 :

Rigid body motion modes:

a.23

a.24

Transversal modes 1st warping mode 2nd warping mode 3rd warping mode
|
) > ¢. 4' = — P ‘1 =
— b “ -— hal -
L ] \l\; J'\/
— y :
— - ,' .
—_—— — P~~~ - ; - _
— ~ i \‘ T} /
J— L |
hL = _%|
e, N g _ 4 . - ;
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Transversal modes

1st warping mode

2nd warping mode

3rdwarping mode

i
e

. 1 -
\
D g

~——

S Ry
— - \\\\ B e e
’, ‘Iﬁf"‘*'*—— N //7\\% //) (
,/ ’/” L/“/ / ///>

Higher transversal modes:

Transversal mode

Corresponding 1st

warping mode

Transversal mode

Corresponding 1st

warping mode
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APPENDIX A7:

For the box girder section, we consider ten transversal modes, with one warping mode associated
to each one of them. We give the numerical values of the matrices introduced in page 12. The
authors are also disposed to provide to the interested reader, more numerical values for different

cross section form and for any number of distortion modes with their associated warping modes.

29750 0
29750 0
19090 0 0
3070 . 3.43
€= 10" S170 p=210 ) 0
10410 ’ Qu+ S| —0.27
9090 3.21
5650 —73.75
0 6600 -2.10
4930 3.75
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
H=10"5 0 0 0 570 005 004 -006 011 -005 -0.05
0 0 0 0.05 1649 022 -005 008 -0.25 -0.09
0 0 0 0.04 022 6468 -0.11 0.16 -043 -038
0 0 0 -0.06 -0.05 -0.11 22739 -0.68 041 0.47
0 0 0 0.11 0.08 0.16 -0.68 32032 -1.45 -1.56
0 0 0 -0.05 -0.25 -043 041 -145 43229 3.93
0 0 0 -0.05 -0.09 -038 047 -156 393 529.50
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
F =10-52 0 0 0 0 0 0 0 0 0 0
0 0 0 12.13  0.10 0.09 -0.10 0.11 -0.10 -0.11
0 0 0 0.10 35.13 025 -0.11 0.19 -037 -0.19
0 0 0 0.09 0.25 13822 -0.24 032 -0.54 -0.79
0 0 0 -0.10 -0.11 -0.24 48453 -0.99 0.89 0.99
0 0 0 0.11 0.9 032 -0.99 685.20 -3.01 -3.28
0 0 0 -0.10 -0.37 -0.54 0.89 -3.01 924.40 5.97
0 0 0 -0.11 -0.19 -0.79 0.99 -3.28 5.97 1133.80
14109.70 0 0 0 0 0 0 0 0 0
4982.74 0 0 0 0 0 0 0 0

228.73 -1.18 -204.43 231.24 -0.04 0.89 -43.12 52.20
-1.18 0.85 1.28 -1.84 0.06 0.14 0.21 -0.41
-204.43 1.28 237.41 -362.59 -0.05 -0.53 3459 -80.86
231.24 -1.84 -362.59 701.44 0.23 0.06 -30.16 154.81
-0.04 0.06 -0.05 0.23 2.12 0.07 0.02 0.05
0.89 0.14 -0.53 0.06 0.07 1.37 -0.20 0.03
-43.12 0.21 3459 -30.16 0.02 -0.20 10.44 -7.12
52.20 -0.41 -80.86 154.81 0.05 0.03 -7.12 35.50

K=1052u+2)

0
0
0
0
0
0
0
0
0

O O O O O o o o
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29750.00
0
-1186.52
9.85
J=10"5u| 2136.78
-6082.40
-8.81
132.19
-6168.80
3112.52

0.00
-29750.00
0.63
D=10-5u| 472572
-56.02
-16.07
1543.38
4272.53
151.85
139.75

O O O OO oo o oo

0
29750.00
-0.63
-4725.72
56.02
16.07
-1543.38
-4272.53
-151.85
-139.75

29750.00
0
-1186.52
9.85
2136.78
-6082.40
-8.81
132.19
-6168.80
3112.52

O OO OO oo o oo

O O OO 0O OO0 oo o

-1186.52
-0.63
13997.50
17.58
2227.67
2076.11
4.42
-37.87
1495.99
209.45

0

0
13950.30
17.83
2312.94
1833.55
4.06
-32.73
1249.90
333.54

-0.06
5.20
-0.02
-0.29
0.00
0.02
1.02
0.28
0
-0.03

9.85
-4725.72
17.58
3811.80
-16.23
-10.50
248.05
664.51
17.18
22.32

0

0

17.67
3060.96
-7.90
-6.37
2.68
-14.41
-4.69
-1.05

-10.67
-0.05
-1.71
-0.01
-0.94

2.13
-0.02
0.01
-0.39
-1.06

46

2136.78  -6082.40
56.02 16.07
2227.67 2076.11
-16.23 -10.50
4263.84 -1285.47
-1285.47 10945.70
-5.28 -1.36
15.71 -16.49
-990.77 83241
96.36 -732.00
0 0
0 0
2313.21 1834.02
-8.11 -6.03
4110.37 -848.01
-848.81 9700.45
-1.69 -2.26
14.21 12.77
-547.69  -429.27
-126.75 -95.57
0.85 -0.12 1.07
-0.05 -17.64 -29.83
-3.49 0.06 -0.74
-0.02 413 -6.25
-1.99 -0.06 0.27
6.07 0.02 -0.59
-0.01 18.41 0.97
0.01 0.65 13.51
-0.28 0.03 -0.01
-0.98 0.05 -0.11

-8.81
-1543.38
4.42
248.05
-5.28
-1.36
9083.50
238.16
9.36
5.56

0

0

4.38
2.97
-2.01
-1.56
9002.08
16.88
-0.69
-0.51

-24.94
-0.53
25.44
-0.17
-9.77
24.04
0.03
-0.01
17.33
3.46

132.19
-4272.53
-37.87
664.51
15.71
-16.49
238.16
6166.33
2.10
37.52

0

0

-33.31
-14.11
14.77
11.41
16.18
5550.64
8.31
3.19

-85.70
-1.68
16.90
0.16
4.16
1.99
-0.01
0.15
-3.08
15.21

-6168.80
-151.85
1495.99
17.18
-990.77
832.41
9.36
2.10
7455.76
-753.63

0

0
1249.04
-4.71
-548.58
-427.51
-0.47
7.83
6176.07
-109.54

3112.52
-139.75
209.45
22.32
96.36
-732.00
5.56
37.52
-753.63
5127.14

0

0
333.72
-0.70
-128.97
-94.34
-0.90
3.80
-107.71
4799.30
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Figqure 1: examples of transversal deformation modes for a thin walled profile I-section with 1D elements.
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Fiqure 2: examples of transversal deformation modes for a rectangular section with triangular elements.

Figqure 3 : A view of the shell model of the beam andits cross section.
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Figure 4: beam cross section with the centred applied load.
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Z(m)

= 4= =SHELL

——&=— Beam model A (cross
section with 1D element)

74000 - NORMAL STRESS KN/m?

Figure 5 : Comparison of the normal stresses between the shell and the beam model, at x= 0.05m and at mid-
depth of the upper slab (Ty = -1 MIN)
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Figqure 6 : Comparison of the shear stress xz between the shell and the beam models, at x= 0.95m and at mid-
depth of the upper slab (Ty = -1 MIN)
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Figure 7 : Comparison of the displacement between _the shell and the beam models, at x= 10m and at mid-
depth of the upper slab (Ty = -1 MIN)
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Figure 8 : Comparison of the vertical displacement along the beam length between the shell and the beam models.
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Figqure 9 : representation of the generalized coordinates associated with the higher transversal modes(4-20) along
the beam’s length, for the beam model C in Fig.7.
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Figure 10 : Comparison of the results obtained from the shell model with different mesh size.
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Figqure 11: beam cross section with the excentred applied load.
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Figqure 12 : Comparison of the displacement between the shell and the beam models, at x= 10m and at mid-depth
of the upper slab (Ty = -1 MIN)
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Figure 13 : representation of the generalized coordinates associated to the higher transversal modes(4-10) along
the beam’s length, for the beam model B in Fig.12.
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Figure 14 : Comparison of the normal stresses between the shell and the beam model, at x= 0.05m and at mid-
depth of the upper slab (Ty = -1 MIN)
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Figqure 15 : Comparison of the shear stress xz between the shell and the beam models, at x= 0.95m and at mid-
depth of the upper slab (Ty = -1 MIN)
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Figqure 16: A view of the beam cross section.

Figqure 17: A view of the brick model of the beam.
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Figure 18: Comparison of the displacement between the brick, shell and the beam models, at x= 6m and at mid-

depth of the upper slab (Ty = -10 MN)
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Figure 19 : Comparison of the normal stresses between the brick, shell and beam model, at x= 0.05m and at mid-

depth of the upper slab (Ty = -10 MIN)
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Figqure 20 : Comparison of the shear stress xz between the brick shell and beam models, at x= 0.95m and at mid-

depth of the upper slab (Ty = -10 MN)
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Figqure 21 : representation of the generalized coordinates associated to the higher transversal modes(4-10) along

the beam’s length, for the beam model C in Fig.18.

56



